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Abstract. Let McC be a connected real-analytic hypersurface and 
g 2jv'-i c c jv' the unit real spherej M' > N >2. Assume that M does 

not contain any complex-analytic hypersurface of and that there 
exists at least one strongly pseudoconvex point on M. We show that 
any CR map /: M — * § 2JV _1 of class C N ~ N+1 extends holomorphically 
to a neighborhood of M in C . 

1. Introduction 

In this paper we are interested in the analytic regularity of CR map- 
pings from real-analytic hypersurfaces into higher dimensional unit spheres 
in complex space. While there is a wide literature deciding when CR maps, 
of a given smoothness, between two real-analytic hypersurfaces in the same 
complex space must be real-analytic (see e.g. |KN90I lFo93l IKKR.991 |Hu01 
for complete references up to 1999), very little is known about the analyt- 
icity of such maps when the hypersurfaces lie in complex spaces of different 
dimension. The case of CR maps with target unit spheres, arising e.g. 
from the embedding problem for pseudoconvex domains into balls (see e.g. 
Fo86 ( EHZ02]), has attracted the attention of many authors. The first regu- 
larity result in such a situation was given by Webster |W79j who showed that 
any CR map of class C 3 from a real-analytic strongly pseudoconvex hyper- 
surface in <C N into the unit sphere § 2N+1 C is real-analytic on a dense 
open subset of the source hypersurface. Later Forstneric [Fo85] generalized 
Webster's result by showing that the same conclusion holds for any CR map 
of class C N ~ N+1 with an arbitrary unit sphere S 2N ~ 1 C as a target, 
N' > N > 2 (see also |Hu9 4_ ) . He also asked in the same paper whether the 
real-analyticity, or equivalently, the holomorphic extendability of such maps 
holds at every point. A partial positive answer in codimension one (i.e. for 
N' — N = 1) was given by Baouendi, Huang and Rothschild BHR96 for 
the case of CR maps from a real-algebraic hypersurface of DAngelo finite 
type (i.e. not containing any positive dimensional complex-analytic subvari- 
ety) in into the unit sphere S 2Ar+1 c C^ +1 . (In BHR96 , the required 
smoothness for the maps depends on the so-called DAngelo type of the 
reference point, which is always greater or equal to two.) In this paper we 
prove the following theorem, which provides a positive answer to Forstneric's 
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question and at the same time generalizes the quite independent result of 
Baouendi-Huang-Rothschild. 

Theorem 1.1. Let M C C N be a connected real- analytic hypersurface and 
g2Ar'-i c C N' the unit spter^ N' > N > 2. Assume that M does not 
contain any complex- analytic hypersurface of C N and that there exists at 
least one strongly pseudoconvex point on M. Then any CR map f : M — > 
g2N -l y c i ass qN —n+i ex t en d s holomorphically to a neighborhood of M in 
C N . 

Observe that if M is a real hypersurface as in Theorem 11.11 and admits a 
non-constant CR map into a higher dimensional unit sphere, then it has to be 
pseudoconvex and therefore the set of strongly pseudoconvex points forms a 
Zariski open subset of M (see Lemmas l2.3l and l2.4j) . Hence Theorem ll.ll gives 
the holomorphic extension of / not only near any strongly pseudoconvex 
point of M, but also near all weakly pseudoconvex ones. It is worth noticing 
that, under the assumptions of Theorem ll.H the set of weakly pseudoconvex 
points of M may even contain complex curves. Example 12 . 1 II below provides 
a simple illustration of such a situation where Theorem 11.11 applies. On 
the other hand, Theorem 11.11 in conjunction with Lemma 12.31 (ii) below 
implies the following corollary for real-analytic hypersurfaces of D'Angelo 
finite type. 

Corollary 1.2. Let M C be a real-analytic hypersurface which does 
not contain any nontrivial complex- analytic subvariety and S 2N _1 C 
the unit sphere, N' > N > 2. Then any CR map f: M — > E> 2N ~ 1 of class 
C N ~ N+1 extends holomorphically to a neighborhood of M in C N . 

Concerning the initial required regularity in Theorem 11.11 we do not 
know whether the C N _Ar+1 -smoothness assumption is optimal. It is how- 
ever known (see L85 , OHZl EaOOl Enni ) that C°-smoothness (and even L - 
smoothness, < a < 1/6; see jHHj) is not enough to guarantee the holo- 
morphic extendability of any map / in Theorem 11.11 On the other hand, 
when M is a unit sphere too, it follows from the work of Huang Hu99 that 
Theorem 11.11 holds with only C 2 -smoothness assumption on the map / pro- 
vided N' < 2N- 1 (see also the previous related work in |CS83llFa^0] ). We 
should also mention that for a map / of class C°°, Theorem 11.11 follows from 
the work of Pushnikov [Pu90a, IPu90bj (whose proof, however, is incomplete 
and contains a gap; see |MMZ0i] ). In the case where M is assumed to be 
strongly pseudoconvex (at every point) and / is of class C^' -1 , Theorem ll.il 
was announced by Pinchuk in Pi83 j but a proof has not been published. 

Our strategy for the proof of Theorem II. II is similar to that of the above 
mentioned result of Baouendi-Huang-Rothschild BHR96 . The first step is 
to prove that in the setting of Theorem ll.H the map / extends meromorphi- 
cally to a neighborhood of M in C . The desired holomorphic extension of / 
will then follow by applying a result due to Chiappari |C91j . The main nov- 
elty of this paper consists in the proof of the above mentioned meromorphic 
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extension of / regardless of the codimension N' — N (see Proposition 12.1(1 . 
The ingredients of the proof rely on another meromorphic extension result 
for a class of CR ratios proved in MMZ02 , and an inductive dichotomy (in 
Lemma 12.81 below) showing that necessarily each component of the map / 
belongs to this class of ratios (see also |M02j for a related argument in the 
one-codimensional case in another context). 

2. Proof of Theorem II .11 

For basic concepts and notions about CR maps, we refer the reader to 
|B911 IBER99j . Theorem 11.11 is an immediate consequence of the following 
two results and Lemma 12.31 (i) . 

Proposition 2.1. Let M C C N and S 2 ^'- 1 C C^' be as in Theorem, 101 
and f: M — > S 2N ~ 1 a CR map of class C N ~ N+1 . Then f extends mero- 
morphically to a neighborhood of M in C N . 

Theorem 2.2. Let D C be a domain, M C dD a real- analytic hyper- 
surface and F: D — > a holomorphic map extending continuously up to 
M, N' > N > 2. Assume that F maps D into the unit ball B 2iV ' _1 C C^', 
that F\m sends M into the unit sphere S 2N _1 C C N and that F\m ex- 
tends meromorphically to a neighborhood of M in C N . Then F\m extends 
holomorphically to a neighborhood of M in C N . 

The remainder of the paper is devoted to the proof of Proposition 12.11 
while the second ingredient fTheorem l2.2[) was already proved by Chiappari 
in |C91j (see also |CS90j for a previous version where the source manifold is 
a sphere) . We should also mention that in the case N' = N + 1 and M is 
a real-algebraic hypersurface of D'Angelo finite type, a result analogous to 
Proposition 12.11 has been proved in BHR96 . 

2.1. Some preliminary facts. We start by collecting a few facts from the 
known literature. Recall here that a real-analytic hypersurface M C is 
said to be minimal at a point po £ M if there is no complex-analytic hyper- 
surface of contained in M through Po (see e.g. fMHl fT^M IHKK99]). 
The following lemma follows from the same arguments as those of (BHR96 , 
Lemma 6.2]. 

Lemma 2.3. Let M C be a real-analytic hypersurface, S 2 ^'^ 1 C C^' 
the unit real sphere, N' > N > 2, and let f: M — > S 2Ar ~ 1 be a non-constant 
CR map of class C 2 . Then, 

(i) if M is minimal at every point, it is pseudoconvex and moreover, 
for every p € M, f extends near p to a holomorphic map F on 
the pseudoconvex side of M and F maps this side into the unit ball 

M 2N'-1 ofC N'_ 

(ii) if M does not contain any nontrivial complex- analytic subvariety, it 
is pseudoconvex and the set of strongly pseudoconvex points of M is 
dense in M . 
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Lemma f2.HI (i) together with an elementary unique continuation argument 
implies: 

Lemma 2.4. In the situation of Proposition 12.11 if f is not constant, the 
set of strongly pseudoconvex points of M is dense in M . 

Lemma 12,41 in conjunction with standard Hopf lemma type arguments 
(see e.g. fFb89l lHu94l 1BHR96 IEL02] 1 implies in particular: 

Lemma 2.5. In the situation of Proposition^^ if f is not constant, it is 
an immersion at a generic point of M, i. e. there is a dense open subset f2 
of M such that for all p G fl the differential df(p) : CT p M -» CT^S 2 ^'" 1 
is infective. (Here CT p M (resp. CTj^S 2 ^' -1 ) denotes the complexified 
tangent space of M (resp. ofS 2N -1 ) at p (resp. at f(p))-) 



Finally we state the hypersurface version of a meromorphic extension 
result proved in MMZ02, Thereom 2.6] that will be very useful for the 
proof of Proposition 12.11 

Theorem 2.6. Let W C C^, V C C k be open subsets, M C W a connected 
real-analytic hypersurface, G: M — > V a continuous CR map and 3>, \I/ : V* x 
W —* C holomorphic functions, where V* := {( : £ G V}. Assume that M 
is minimal at every point and that there exists a nonempty open subset of 
M where *&(G(z), z) does not vanish and where the quotient 



(2.1.1) ff W := mm 



is CR. Then ^(G(z), z) does not vanish on a dense open subset M C M 
and H extends from M meromorphically to a neighborhood of M in C N . 

We should mention that a preliminary version of Theorem I2.(i| namely 
the case where G is C°° over M and H is CR on a dense open subset of 
M, is contained in CPS99 . It will be however important for the proof 
of Proposition 12.11 (and therefore of Theorem 11.1)1 to have the continuous 
version provided by Theorem 12.61 



2.2. Reflection identities and a linear system with coefficients of 
meromorphic type. We start here the effective proof of Proposition 12.11 
It is enough to prove that / extends meromorphically to a neighborhood 
of a given point po G M. Without loss of generality we may assume that 
Po = f(Po) = 0) that / is not constant and moreover, that §> 2N _1 is replaced 
by the Heisenberg hypersurface i.e. 
(2.2.1) 

H 2 ^" 1 = {(z',w') G C^'" 1 x C : p'(z',w',z>,w>) := W - \z'\ 2 = 0}, 

with|*'| 2 = £f=i 141 v = &,... 

» z 'n'-i)- Shrinking M if necessary near 
the origin, we may assume that M is connected and may also choose an open 
connected neighborhood U C of the origin such that M C U and such 
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that we are given a family L = (Li, . . . , -Ljv-i) of (0, 1) vector fields with 
real-analytic coefficients in U with L\\m , • • • , L/v-i|m spanning T 0,1 M, the 
(0, f) tangent bundle of M. In what follows, for 7 = (71, . . . ,7^—1) G N^ -1 , 
71 + . . . + 77v_i =: I7I < N' — N + 1, L 1 denotes the standard differential 
operator Z^ 1 . . . Lj^Zi acting on C Ar '~ Ar+1 -smooth functions (or maps) on 
M. It will be convenient to define the following classes of functions over M. 



Definition 2.7. For M, f, L as above and < I < N' - N + 1, we let Si 
denote the set of functions on M that can be written as a polynomial in 
(L 7 /)^^ with coefficients that are real-analytic functions over M. Denote 
also by <S_i the set of all real-analytic functions over M. For — 1 < I < 
N' — N + 1, we also define TZi to be the set of all ratios of the form a/b with 
(a, b) G (Si) 2 and b 0. 



Obviously the class Si forms a subring of those functions over M that 
are of class C N ~ N + 1 ~ l an d satisfies Si C Si + \. Note also that since M is 
everywhere minimal, a function in Si can not vanish on any open subset of 
M unless it is identically zero (see e.g. MMZ02, Section 6]). Therefore any 
ratio in IZi is defined on a dense open subset of M, and can not vanish on 
any open subset of this dense set unless it is identically zero too. This fact 
will be useful for the proof of Lemma 12.81 below. 

The main observation of this paper relies on the following lemma. 

Lemma 2.8. In the situation of Proposition^^ and with the above notation, 
shrinking M around the origin if necessary, each component of the map f 
can be written as a ratio belonging to TZ^ 1 -N+l- 

Proof. In the (z' , w') coordinates we split the map / as follows / = (/, g) = 
(fx, Jn'-uq) € C^'- 1 x C. Since f(M) C H 2 ^" 1 , we have the relation 
satisfied on M 



'N'-l 



(2.2.2) 



9-9 



2i 



By Lemma 12. 51 the map / is an immersion at a generic point and in particu- 
lar, for a generic point p G M, df(p) : Tp^M — > T^^IH 2 ^'" 1 is injective. Pick 
such a point po G M. Then we may select N — 1 components among those 
of /, say fi, . . . , /jv-i, such that the matrix (Ljf k )i<j t k<N-i is invertible at 

Pq. The above matrix (Lj/ fc )i<j j fc<7v-i has necessarily rank N — 1 in a dense 
open subset of M since its determinant belongs to the class 5i (see Defini- 
tion Now we split the map / as follows / = (h,i/)) G C^ 1 x C^'^ 
where h = (hi,. . .,h N -i) := (ft, . . . ,/at-i) and ip = (tpt, . . . ,iPn'-n) ■= 
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(In, • • • , /jv-i),_so th at / = (h, ip, g). Applying for each j = 1, . . . , N - 
the vector field Lj to (|2.2.2j) and using the fact that / is CR, we obtain 




N'—N 



h v ■ Ljh v + tp v ■ Ljip u on M. 



(2.2.3) 

Since the C N "^-smooth function given 

does not vanish on a dense open subset Mi of M, we may apply Cramer's 
rule to H2.2.2JI and Q2.2.3[) to obtain a relation of the form 



(2.2.4) 



(h,g) =r i Q ) + *l>vrjP on M x . 



N'-N 



,(1) 



Here for v = 0, . . . , N' — N, each r v is a C -valued ratio with components 
in the ring , and is defined on Mi . Since / is of class at least C 2 , we may 
again apply for each j = 1, . . . , N — 1 the vector field Lj to Q2.2.4|) on Mi to 
obtain : 



(2.2.5) 







N'-N 



Define the following iV(iV - 1) x (N' - N) matrix with C JV ' _JV_1 -smooth 
coefficients over Mi by setting 



( L A 

L 2 r[ 



(i) 



(i) 



T 1T .(1) 
1 N'—N 

L 2 r N'-N 



\ 



\Ln-it 



(1) 



T j 1 ) / 

L>N-ir N ,_ N / 



where each G 



-v 



is viewed ELS cl column vector. Since any minor of 
has its coefficients in the class 7Z 2 the matrix A^ achieves its maximal 
rank, that we denote by n^ 2 \ on a dense open subset of M\. Now similarly to 
Fo89| IHu94| (BHR96 , M02] , we come to a dichotomy according to whether 
n^> > or n^> = 0. 

Case 1: > 0. By taking a suitable minor of the matrix A^ 2 \ which 
does not vanish on a dense open subset M 2 of Mi, and using Q2.2.5JI and 
Cramer's rule we see that at least one of the components of ip, say ipN'-N, 
can be expressed as an affine combination of the following form: 

N'-N-l 



(2.2.6) 



N'-N 



.(2) 



.(2) 



Here for v = 0, . . . , N' — N — 1, each Sjf 1 is a C Ar+1 -valued ratio with com- 
ponents in the ring TZ 2 , and is defined on M 2 . By using Q2.2.4J1 and (|2.2.6|) . 
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we may write 

N'-N-l 

(2.2.7) (h,i/> NI - N ,g)=r i * ) + i>wf\ on M 2 , 

i/=l 

where each is a C JV+1 -valued ratio with components in 7^2; and is defined 
on Mi. 

Case 2: = 0. We claim that also in this case, we may reduce 

the starting system of equations (|2.2,4j) on M\ to another system of the 
form (|2.2,7|) that holds on a possibly other dense subset of M, possibly 
after interchanging the components of tp and shrinking M near the origin. 
For this, note that = is equivalent to saying that each ratio Tu*\ 
v = 1, . . . , N' — N, is a CR map on Mi, and hence 7q too in view of 

l|2.2.5j) . Since each component of each ratio r$P can clearly be written in 
the form (jgXTj) for a suitable $ and G (see |MMZ021 Lemma 6.1] for 
more details), we may apply Theorem 12. 61 to conclude that each tv extends 
as a meromorphic mapping to a neighborhood of the origin in C . Let u v be 
a C^-valued holomorphic map and v u a nonvanishing holomorphic function 
both defined near the origin in such that u v jv v gives the meromorphic 

extension of r£ near 0. Then after shrinking M near the origin if necessary, 
we may rewrite 1)2.2.4(1 as follows 

( \ N '~ N ( \ ~ 

(2.2.8) (h(z),g(z)) = ^+J2 M*)^, * e M 1; 

on some suitable dense open subset M\ of M. Following the splitting used 
in (I2~2~H1) . for any v = 0, . . . , N' - N, we write u u = (u' u ,u u ) G C^ 1 x C. 
Consider the family {Pz) z ^ of N' — N dimensional affine complex planes 

defined via the following parametrization r] z : C N ~ N — > C N , z G Mi, 
(2.2.9) 

( , l s N'-N , , s ... N'—N 

£—(*!,..., CjV'-ivJ ^ 7T + > , Ci/ 7T, *1, • • , tN'-N, 7T + / *i 

\W) ~ V„(*) Vq(*) ^ 

Since the Heisenberg hypersurface cannot contain any positive-dimensional 
affine complex subspace, we have P z <£_ M 2N _1 for all z G Mi i.e. 

(2.2.10) p'(Vz(t),V^t)) # 0, for z G Ml, t G C"'"", 



where p' is given by ((2.2.1(1 . It is clear that p' (r] z (t),r] z (t)) may be written 
as follows 

N'—N N'-N /N'-N \ 

(2.2.11) E Al ^+ E ^' E Wk + o-;*) > 

i=i j=i V fe=i / 

where fi, Aj, and CTjfc are ratios in TZ-± and defined on M\. (We have de- 
liberately omitted to write the dependence on z for those ratios in 1)2.2.11(1 .) 
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But since / sends M into H 2Af ' _1 , in view of (f2~23|) and (|2.2.8|) . we have 
f/(r) z (i>(z)),ri z (il>(z))) = for z € Mi i.e. 

JV'-AT AT'-iV /N'-N \ 

(2.2.12) //+ ^ i/jj I J] (^fc^fc + o- ifc )J =0on¥i. 

i=i j=i V fc=i / 

Here again we come to a dichotomy. 

SUBCASE 2.1: there exists j Q G {1, ... ,N'-N} such that Y^k=i N (^joki^k+ 
(jj Q k) ^ (as a ratio in IZq). Then from 1)2.2. 12JI we see that ipj can be writ- 
ten as an affine combination, with coefficients in TZo C IZ2, of the other 
components of tp. Using ()2.2.4|) we see that the claim mentioned at the very 
beginning of Case 2 is proved. 

Subcase 2.2: for any j G {1, . . . , N' - N}, 

N'-N 

(2.2.13) Yl + a Jk) = °» 011 M l" 

If there exists ji, ki G {1, . . . , N' — iV} such that ^ 0, then after taking 
complex conjugates of (|2.2.13|) , ifi^ can be written as an affine combination, 
with coefficients in TZ-\ C IZ2, of the other components of ip. The desired 
claim therefore follows as in Subcase 2.1. If not, then necessarily all £jk 
and ^2i<k<N>-N a jk (by (|2.2.13jl ) are identically zero. Equation (|2.2.12|l 
therefore leads to fj, + Ei<i<JV'-iV = Then there exists necessarily 
%2 G {1, , . . . ,N' — N} such that Aj 2 ^ since otherwise all quantities fi, Aj, 
^jk and X^i</c<Ar'-Ar a jk would be identically zero, which would contradict 
()2.2.1Uj) in view of (|2.2,llj) . Hence here again we obtain that ipi 2 can be 
written as an affine combination, with coefficients in 1Z- 1 C TZ2, of the 
other components of ip, which completes, as explained before, the proof of 
the claim announced at the beginning of Case 2. 

We are now able to finish the proof of Lemma 12.81 The conclusion of the 
dichotomy studied in Cases 1 and 2 states that we can always reduce a 
system of the form (|2.2.4j) with coefficients in 1Z± to another system of the 
form (|2.2.7|) with coefficients in 1Z2- If N' = N + 1, we are clearly done. If 
not, by using similar arguments as in the above process, it is easy to show 
that the obtained system with coefficients in 7Z2 can also be reduced to a 
system where N + 2 components of the map can be expressed as an affine 
combination of the other ones with coefficients in 7^3. (Note that the only 
ingredients needed for such a process are Theorem 12 . 61 and the fact that the 
Heisenberg hypersurface does not contain any complex affine subspace of 
positive dimension.) By pursuing this procedure N' — N — 2 more times, we 
conclude that each component of / can be written as a ratio belonging to 
7£jV'-7V+i- The proof of Lemma 12.81 is complete. □ 

2.3. Completion of the proof of Proposition 12.11 By Lemma f2.8l we 
know that after shrinking M near the origin, each component of / agrees 
on a dense open subset of M with a ratio in the class TZ^'-N+i- Moreover 
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since M is minimal at 0, / extends to a holomorphic map F defined on one 
side of M near the origin |BT84| ITr86j . Therefore by using this extension 
F, it is easy to see that any ratio in the class 1Zn'-n+i can be written in the 
form H2.1.1|) for a suitable \E r , $ and G (for further details on that matter 
see |MMZ02l Lemma 6.1]). Since each component of / is CR, we conclude 
from Theorem 12.61 that each such component extends meromorphically to a 
neighborhood of the origin in C^. This completes the proof of Proposition 
12.11 and hence that of Theorem 11.11 

Remark 2.9. In the proof of Theorem II. 1| the assumption that M does not 
contain any complex-analytic hypersurface of C N is essential when applying 
several times Theorem 12.61 We do not know whether Theorem 11.11 holds 
without such an assumption. (The main problem without such a hypothesis 
would be to prove the meromorphic extension of the map / near any non- 
minimal point.) On the other hand, the assumption that M be strongly 
pseudoconvex at some point in Theorem II. II is used to know that any non- 
constant CR map /: M — > S 2N _1 is a local embedding near a generic point 
of M. Without assuming the existence of a strongly pseudoconvex point 
on M, the conclusion of Theorem 11.11 still holds if / is assumed to be of 
class C N _r / +1 where rj := Sup {Rank df(p)\ T o,i M : p € M} (with a trivial 
modification in the beginning of the proof of Lemma l2.8j) . This implies in 
particular that Theorem 1 1 . 1 1 still holds for all CR maps of class C N ' without 
assuming the existence of any strongly pseudoconvex point on M. We leave 
the details to the reader. 

We conclude this paper by giving examples of situations covered by The- 
orem ^3 and Corollary 11.21 where previously known results do not apply. 

Example 2.10. Given nonnegative integers k, I, k > 1, I > 3, and h a holo- 
morphic function defined near the origin in C with h(0) = h'(0) = 0, define 
Mfc C C 2 to be the real-analytic hypersurface through the origin given by 

M k := {(zi,z 2 ) € C 2 : Imz 2 = \ Zl \ 2k + \h( Zl )\ 2 }. 

Note that there are non-constant CR maps from into the Heisenberg 
representation 

(2.3.1) M 2 ^ 1 := {(w 1} .. .,io,) G C ? : Imu;, = |u>i| 2 + . . . + K_i| 2 } 

of the unit sphere in C , namely the restriction to Mk of the holomorphic 
map 

{zi,z 2 ) ' * {z\,h(zi), 0, ...,0 ,z 2 ). 

I — 3 times 

For k = 1, Mi is strongly pseudoconvex and the analyticity (at every point 
of Mi) of C i_1 -smooth CR maps from Mi into HI 2 ' -1 follows from Corollary 
11.21 but not from Fo89]. In the case I = 3, the regularity of such maps does 
not follow neither from BHR96 if the function h is chosen not be algebraic. 
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For k > 1, Mk is weakly pseudoconvex of D'Angelo finite type and the 
set of weakly pseudoconvex points is a real line. Here again the analytic 
regularity (at every point of of C i_1 -smooth CR maps from into 
HI 2 ' -1 follows from Corollary 11.21 but not from Fo89 . Moreover, even if 
I = 3 and h is chosen to be algebraic, the analyticity at the origin of such 
maps does not follow from BHR96 since the type of at is clearly 
greater or equal to 4 (and the required initial order of smoothness for the 
maps in BHR96 equals this type). 

Example 2.11. Let M C C 3 be the real-algebraic hypersurface given by 
M := {(zi, Z2, 23) £ C 3 : I111Z3 = |^i22| 2 + |^2| }■ Then M obviously contains 
a complex line through the origin and the set of strongly pseudoconvex points 
of M is dense in M. (Note also that M is not essentially finite at the origin 
in the sense of BJT85 .) For any nonnegative integer I > 4, the restriction 
to M of the following holomorphic map 

(zi,z 2 ,z 3 ) 1 ^ (z 1 z 2 ,z 2 , 0, ...,0,z 3 ) G C' 

/ — 3 times 

maps M into HI 2 ' -1 (given by Q2.3.1|) ). and is near a generic point a local 
embedding. The analyticity (at every point of M) of C'~ 2 -smooth CR maps 
from M into H 2 ^ 1 follows from Theorem 11.11 but neither from |Fo89j nor 
from Corollary 11.21 



Acknowledgements 

This paper was written while I was visiting UCSD. I would like to thank 
this institution for its hospitality and M.S. Baouendi, M. Derridj, P. Eben- 
felt, B. Lamel, F. Meylan, L.P. Rothschild and D. Zaitsev for useful dis- 
cussions and comments on this paper. I am also grateful to the referee for 
several helpful remarks. 



References 

[BER99] Baouendi, M.S.; Ebenfelt, P.; Rothschild, L.P. — Real Submanifolds 
in Complex Space and Their Mappings. Princeton Math. Series 47, Princeton 
Univ. Press, 1999. 

[BHR96] Baouendi, M.S.; Huang, X.; Rothschild L.P. — Regularity of CR map- 
pings between algebraic hypersurfaces. Invent, math. 125 (1996), 13-36. 

[BJT85] Baouendi, M.S.; Jacobowitz, H.; Treves, F. — On the analyticity of CR 
mappings. Ann. of Math., (2) 122 (1985), no. 2, 365-400. 

[BT84] Baouendi, M.S.; Treves, F. — About the holomorphic extension of CR 
functions on real hypersurfaces in complex space. Duke Math. J. 51 (1984), 
no. 1, 77-107. 

[BN90] Bell, S.R.; Narasimhan, R. — Proper holomorphic mappings of complex 
spaces, Several Complex Variables (Heidelberg) (Barth, W., Narasimhan, R., 
Eds.), EMS, 69, Springer- Verlag, 1990. 

[B91] BOGGESS, A. — CR manifolds and the tangential Cauchy-Riemann complex. 

Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1991. 



ANALYTIC REGULARITY OF CR MAPS INTO SPHERES 



11 



[C91] Chiappari, S. — Holomorphic extension of proper meromorphic mappings, 

Michigan Math. J. 38, (1991), 167-174. 
[CS83] ClMA, J. A.; Sufffjdge, T.J. — A reflection principle with applications to 

proper holomorphic mappings, Math. Ann. 265, (1983), 489-500. 
[CS90] ClMA, J. A.; Suffridge, T.J. — Boundary behavior of rational proper maps, 

Duke Math. J. 60, (1990), 135-138. 
[CPS99] Coupet, B.; Pinchuk, S.; Sukhov, A. — Analyticite des applications CR. 

C. R. Acad. Set. Paris Ser. I Math. 329 (1999), no. 6, 489-494. 
[D90] Dor, A. — Proper holomorphic maps between balls in one co-dimension. Ark. 

Mat. 28 (1990), no. 1, 49-100. 
[EHZ02] Ebenfelt, P.; Huang, X.; Zaitsev, D. — The equivalence problem and 

rigidity for hypersurfaces embedded into hyperquadrics, (preprint 2002), 

http : //www . arxiv . org/abs/math . CV/021 1024 
[EL02] Ebenfelt, P.; Lamel, B. Finite jet determination 

of constantly degenerate CR embeddings, (preprint 2002), 

http : //www . arxiv . org/abs/math . CV/0206287 
[Fa90] Faran, J. — A reflection principle for proper holomorphic mappings and 

geometric invariants, Math. Z. 203, (1990), 363-377. 
[Fo86] Forstneric, F. — Embedding strictly pseudoconvex domains into balls. 

Trans. Araer. Math. Soc. 295 (1986), 347 -368. 
[Fo89] Forstneric, F. — Extending proper holomorphic mappings of positive codi- 

mension. Invent, math. 95, no. 1, (1989), 31-61. 
[Fo93] Forstneric, F. — Proper holomorphic mappings: a survey. Several complex 

variables (Stockholm, 1987/1988), 297-363, Math. Notes 38, Princeton Univ. 

Press, Princeton, NJ, 1993. 
[G87] Globevnik, J. — Boundary interpolation by proper holomorphic maps. Math. 

Z. 194 (1987), no. 3, 365-373. 
[Ha90] Hakim, M. — Applications holomorphes propres continues de domaines 

strictement pseudoconvexes de C™ dans la boule unite de C n+1 . Duke Math. 

J. 60 (1990), no. 1, 115-133. 
[Hu94] Huang, X. — On the mapping problem for algebraic real hypersurfaces in the 

complex spaces of different dimensions. Ann. Inst. Fourier (Grenoble) 44, no. 

2, (1994), 433-463. 

[Hu99] Huang, X. — On a linearity problem for proper maps between balls in complex 
spaces of different dimensions, J. Differential Geom. 51 (1999), 13-33. 

[HuOl] Huang, X. — On some problems in several complex variables and CR geom- 
etry. First International Congress of Chinese Mathematicians (Beijing, 1998), 
383-396, AMS/IP Stud. Adv. Math. 20, Amer. Math. Soc, Providence, RI, 
2001. 

[L85] Low, E. — Embeddings and proper holomorphic maps of strictly pseudocon- 

vex domains into polydiscs and balls. Math. Z. 190 (1985), no. 3, 401-410. 

[MMZ01] Meylan, F.; Mir, N.; Zaitsev, D. — Holomorphic extension of smooth 
CR-mappings between real-analytic and real-algebraic CR-manifolds, preprint, 
http : //arxiv . org/abs/math . CV/0201267 

[MMZ02] Meylan, F.; Mir, N.; Zaitsev, D. — Analytic regularity of CR-mappings. 
Math. Res. Lett. 9, (2002), 71-91. 

[M02] Mir, N. — Convergence of formal embeddings between real-analytic hyper- 
surfaces in codimension one, J. Differential Geom. 62 (2002), 163-173. 

[Pi83] Pinchuk, S. — Analytic continuation of holomorphic mappings and problems 
of holomorphic classification of multi-dimensional domains, (Russian) Math. 
Zam. 33 (1983), 301-314. English Translation in Math. Notes 33 (1983), 151- 
157. 



12 



NORDINE MIR 



[Pu90a] Pushnikov, A.Yu. — Holomorphicity of CR-mappings into a space of large 

dimension. Mat. Zametki 48 (1990), no. 3, 147-149. 
[Pu90b] Pushnikov, A.Yu. — On the holomorphy of CR-mappings of real analytic 

hypersurfaces. Complex analysis and differential equations, 76-84, Bashkir. 

Cos. Univ., Ufa, 1990. 

[S96] Stensones, B. — Proper maps which are Lipschitz a up to the boundary, J. 

Geom. Anal, 6, no. 2, (1996), 317-339. 
[Tr86] Trepreau, J.-M. — Sur le prolongement holomorphe des fonctions CR 

definies sur une hypersurface reelle de classe C 2 dans C". Invent, math. 83, 

no. 3, (1986), 583-592. 
[Tu88] Tumanov, A.E. — Extension of CR-functions into a wedge from a manifold 

of finite type. (Russian). Mat. Sb. (N.S.) 136 (178) (1988), no. 1, 128-139; 

translation in Math. USSR-Sb. 64 (1989), no. 1, 129-140. 
[W79] Webster, S.M. — On mapping an n-ball into an n + 1-ball in complex space, 

Pacific J. Math., 81, (1979), 267-272. 

Universite de Rouen, Laboratoire de Mathematiques Raphael Salem, UMR 
6085 CNRS, 76821 Mont-Saint- Aignan Cedex, France 
E-mail address: Nordine.Mir@univ-rouen.fr 



